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The t h e o r y  of t r a n s p o r t  phenomena i n  a low d e n s i t y  gas  of 

s t r u c t u r e l e s s  s p h e r i c a l  molecules i s  w e l l  developed . The t r a n s p o r t  1 

c o e f f i c i e n t s  a r e  g iven  i n  terms o f  t h e  tempera ture  dependent reduced  

P , t J  Y 
c r o s s  s e c t i o n s ,  . C l  
dependent reduced c r o s s  s e c t i o n s ,  qcmJx . I f  quantum mechanics 

, which i n  t u r n  are i n t e g r a l s  of  t h e  energy  

i s  used t o  d e s c r i b e  t h e  b i n a r y  c o l l i s i o n s  between t h e  molecules ,  t h e s e  

c r o s s  s e c t i o n s  may be expressed i n  terms o f  t h e  phase s h i f t s ,  

1. Cross  S e c t i o n s  

71 * 

I n  t h e  p r e s e n t  paper ,  we cons ider  t h e  quantum mechanical  

d e s c r i p t i o n  o f  t r a n s p o r t  phenomena i n  a gas  made up of  molecules  

which i n t e r a c t  acco rd ing  t o  a Lennard-Jones(l2,6)potential 

where 

y-)(cnX) 3 4 [ ( R  *)-'o ( A  *),-"_I 

1-1 

1- 2 

A s  u s u a l ,  t h e  c o n s t a n t  E i s  t h e  depth  of  t h e  p o t e n t i a l  minimum, 

t h e  c o n s t a n t  b i s  t h e  s e p a r a t i o n  d i s t a n c e  a t  which t h e  p o t e n t i a l  

i s  zero ,  and R*=n/ris t h e  reduced s e p a r a t i o n .  

The phase  s h i f t s ,  Tt  , f o r  c o l l i s i o n s  between molecules  

which i n t e r a c t  acco rd ing  t o  the Lennard-Jones p o t e n t i a l  a r e  

ob ta ined  through t h e  s o l u t i o n  o f  t h e  r a d i a l  wave e q u a t i o n  

1 



Y 
in which RLlh*I is the radial wave function, E =E/Eis the reduced 

P-ller-' O J  ef thc  co?:isiun, and 

1-4 

is the "quantum parameterlq which governs the magnitude of the 

quantum effects. The value of the phase shift is obtained from the 

asymtotic form of the solution of the wave equation which is finite 

at the origin and is a function of the angular momentum quantum 

number, 4 , the reduced energy, E * , and quantum parameter, A". 
The two moments of the cross seetion which arise in the 

description of transport phenomena are Q'I'and 9"' . 

corresponding reduced cross sections for collisions between unlike 

molecules (based on Boltzmann statistics) are 

The 

1-5 

t- 0, /,2,.  . 

The expression for the cross section for collisions between 

like molecules depends on the statistics. The c r o s s  section 9"' 
f o r  collisions between like molecules does not appear in the 
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e x p r e s s i o n s  f o r  t h e  t r a n s p o r t  c o e f f i c i e n t s .  Neg lec t ing  s p i n  e f f e c t s ,  

t h e  reduced c r o s s  s e c t i o n  4'''' f o r  c o l l i s i o n s  between Bose-Eins te in  

p a r t i c l e s  i s  

and f o r  c o l l i s i o n s  between Fermi-Dirac p a r t i c l e s  i s  

For c o l l i s i o n s  between l i k e  atoms w i t h  n u c l e i  o f  s p i n  

reduced c r o s s  s e c t i o n s  are 

s t h e  

1-9 

1-10 

The reduced c r o s s  s e c t i o n s ,  are f u n c t i o n s  of  t h e  

reduced energy,  

s ta t i s t ics  of  t h e  c o l l i d i n g  p a i r .  

E* , t h e  quantum parameter ,  A" , and t h e  

Jr(*,t)Y 
The reduced tempera ture  dependent c r o s s  s e c t i o n s ,  , are 

s imply  i n t e g r a l s  over  t h e  energy o f  t h e  a p p r o p r i a t e  c r o s s  s e c t i o n s ,  

. Thus 
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h e r  e r * =  L T / t  1-12 

is the reduced temperature. These cross sections are functions of 

the reduced temperature, T'' , the quantum parameter, A9', and the 
s t a t i s t i c s .  

The expressions for the transport coefficients of single 

component systems and mixtures depend simply on the reduced cross 

sect ions, . These expressions are given elsewhere' and 
n(fi,tJ 4 

are not repeated here. 

2 .  Numerical Procedures 

The phase shifts 7t were computed by direct numerical 

integration (RKG method) of the radial wave equation using a 

program previously developed , but now improved by the introduction 2 

of a modification which continuously adjusted the integration 

interval depending upon the curvature of the wave function. 

For convenience, the equivalences among the notation of 

references 1, 2, and the present discussion are summarized as 

follows : 
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2- 3 

2-4 

2-5 

2-8 

The method of de t e rmina t ion  o f  t h e  a p p r o p r i a t e  i n t e r v a l  s i z e  

i s  as fo l lows .  F i r s t ,  an  i n i t i a l  i n t e r v a l  s i z e  was chosen a s  t h e  

smaller of  two q u a n t i t i e s :  

d e  Brog l i e  wavelength a t  = and A x , =  ‘ / 4 O N ,  where N i s  

A X,=2/#0 a, where ‘h ‘/k i s  t h e  

3 t h e  number o f  nodes i n  t h e  wave f u n c t i o n  due t o  t h e  bound s ta tes  
1 

( N x  f + 0.27 8 ‘ )  . During t h e  cour se  o f  t h e  i n t e g r a t i o n ,  

t h e  i n t e r v a l  s i z e  w a s  v a r i e d  so as t o  g i v e  approximate ly  40 

i n t e g r a t i o n  i n t e r v a l s  between two s u c c e s s i v e  nodes.  

The r a d i a l  f n t e g r a t i o n  was s topped  when t h e  v a l u e s  of t h e  

“apparent  phase s h i f t s ‘ ‘  c a l c u l a t e d  a t  four  s u c c e s s i v e  nodes d i f f e r e d  

from each  o t h e r  by less  than  10 r a d i a n .  The phases  thus  ob ta ined  
-4 

were t h e n  used t o  ca l cu la . t e  t he  t r a n s p o r t  c r o s s  s e c t i o n s ,  u s i n g  

eqs .  1-5, 1 - 7  and 1-8. 
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I n  the c a l c u l a t i o n  of t h e  t r a n s p o r t  c r o s s  s e c t i o n s ,  o n l y  

P'lr 
and q'';:. were c a l c u l a t e d  d i r e c t l y .  The c r o s s  s e c t i o n  8 . E .  ' 

was ob ta ined  from t h e  s imple  r e l a t i o n  

2-9 

The c a l c u l a t i o n s  of t h e  c r o s s  s e c t i o n s  were c a r r i e d  o u t  i n  t h e  

fo l lowing  way: For a g iven  A" and E " , beginning  w i t h  1 ~ 0 ,  

which subsequent ly  was i n c r e a s e d  s u c c e s s i v e l y  by u n i t y ,  t h e  program 

c a l c u l a t e d  t h e  cor responding  7 4  . A f t e r  7, had been c a l c u l a t e d ,  

t h e  program c a l c u l a t e d  t h e  f i r s t  t e r m  of  t h e  qw * se r i e s ;  a t  1 = 2  

Q"J t h e  second t e r m  of 

("' and so  on. Hence, t h e  t h i r d  term of QlfJ4and f i r s t  t e r m  of  3 
f o r  each  1 , excep t  f o r  1 I 0 ,  t h e  cor responding  t e r m  was added 

t o  t h e  series,  and depending on whether 1 was even or odd, 

9/r) 4 

T.D. ' 

and f i r s t  t e r m  of  8. ti, ; a t  R = 3  , 

ClJK 

t e r m s  of the  4 '"' 8.p.or 9'';; series,  r e s p e c t i v e l y ,  were added. 

The phases  and cor responding  p a r t i a l  sums of  t h e  4 (*I) 4 r 
5 were 

p r i n t e d  ou t .  

Qf*)'was s topped when t h r e e  7t and The c a l c u l a t i o n  of t h e  

consecu t ive  p a r t i a l  sums of  t h e  9'"'series agreed  t o  w i t h i n  .001, 

and t h e  f i n a l  

momentum , i . e .  . 7 { ' I n  . 
was we l l  beyond la , t h e  ra inbow angu la r  

4 

fib? tJ 4 
To c a l c u l a t e  t h e  reduced c o l l i s i o n  i n t e g r a l s  , t h e  

i n t e g r a l  i n  eq .  1-11 was r e w r i t t e n  as 

4 
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5 where 2 r &  E ?  

I n  c a l c u l a t i n g  t h e  in t eg rand ,  f o r  

computed d i r e c t l y ,  wh i l e  f o r  €'>')I , some of t h e  were 

i n t e r p o l a t e d  i n  r e g i o n s  where t h e  dependence of  9 on 2 

The i n t e g r a l  w a s  t hen  e v a l u a t e d  by W e d d l e ' s  r u l e  . 
* < 1.0 a l l  O(*"values were 

mhJk 

hJ * 
was s u f f i c i e n t l y  smooth. 

i*J* The r ange  o f  v a l u e s  o f  I!?* f o r  which t h e  Q were eva lua ted  
%i n(%f J 

l i m i t e d  t h e  range  o f  va lues  of  T f o r  wAich t h e  could  

be e v a l u a t e d .  I n  o rde r  t o  estimate t h e  maximum e r r o r  due t o  t h e  

t r u n c a t i o n  of  t h e  r ange  of numerical  i n t e g r a t i o n  f o r  t h e  
f i P , t I *  

i n t e g r a l s ,  a s imula t ed  i n t e g r a t i o n  was c a r r i e d  o u t  i n  which a l l  o f  

t h e  qfhJX w i t h i n  t h e  range  of i n t e g r a t i o n  were se t  equa l  t o  h n i t y .  

S ince  t h e  complete  i n t e g r a l ( w i t h  QP"= / ) i s  i d e n t i c a l l y  u n i t y ,  t h e  

d e v i a t i o n  of t h e  above numerical  r e s y l t  from u n i t y  served  as an 

i n d i c a t i o n  of  t h e  e r r o r  due t o  t h e  t r u n c a t i o n .  This  procedure  w a s  

c a r r i e d  o u t  f o r  v a r i o u s  va lues  of  T so  t h a t  l i m i t s .  cou3d be 

e s t a b l i s h e d  on t h e  v a l i d  range o f  T . 

Jk 

%C 

The e n t i r e  numer ica l  procedure w a s  c a r r i e d  o u t  on t h e  

CDC 1604 computer a t  t h e  Un ive r s i ty  of  Wisconsin Numerical Ana lys i s  

Labora tory .  

3. R e s u l t s  and Di scuss ion  

( I )  Y 
F i g s .  1 and 2 show t h e  dependence o f  (Boltzmann) and 

9lZJ* (Boltzmann) on E * f o r  A' = 0,1,2 and 3.  
* 6 

v a l u e s  ( A  = 0) a r e  those  o f  H i r s c h f e l d e r ,  B i rd  and Spotz  . 
F i g .  3 shows t h e  i n f l u e n c e  of t h e  s t a t i s t i c s  upon q iPJ4 fo r  

The c l a s s i ca l  

A* = 1. The gC*Iy have g e n e r a l l y  t h e  expec ted  nega t ive  energy 

dependence b u t  superimposed on t h e  smooth background i s  a p a t t e r n  
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of maxima which become more d i s t i n c t  under c o n d i t i o n s  such t h a t  a 

smaller number of terms c o n t r i b u t e  s i g n i f i c a n t l y  t o  t h e  sum. The 

o r i g i n  of t h e s e  resonances  i s  t h e  ab rup t  r ise7 of  t h e  o r d e r  of 'T 

i n  t h e  phase s h i f t  f o r  a p a r t i c u l a r  v a l u e  of which t a k e s  p l a c e  

over a more or  less narrow range  o f -ene rgy .  

peaks i s  r e l a t e d  t o  d7'/dk, o r ,  more d i r e c t l y ,  t o  t h e  c o l l i s i o n  

l i f e t i m z  3 S# A p / d E  . The v a l u e  of 4 p r i m a r i l y  r e s p o n s i b l e  

f o r  each  of t h e  r e s o n a n t  peaks i s  i n d i c a t e d  on t h e  f i g u r e s  f o r  t h e  

c a s e  of A*= I . 
expec ted  and found expe r imen ta l ly  from beam s c a t t e r i n g  s t u d i e s  . 

The sha rpness  of t h e s e  

8 

S i m i l a r  maxima i n  t h e  t o t a l  c r o s s  s e c t i o n  are 

9 10 

F i g s .  4 and 5 show t h e  dependence of (Bo 1 t zmann) and 
* 

(Boltzmann) on T f o r  A* = 0 ,1 ,2  and 3. The c l a s s i c a l  
p a  Ir 

11 The (Z(m*tJY JC 
v a l u e s  (A*=o) a r e  those  of Monchick and Mason . ( T  J 
curves  are l a r g e l y  monotonic due t o  t h e  averaging-out  of  t h e  

r e s o n a n t  peaks i n  q88-*) ; however, some s t r u c t u r e  remains a t  

s u f f i c i e n t l y  low t empera tu res  f o r  l a r g e  A * l s .  

The high tempera ture  behavior  of and i s  

i l l u s t r a t e d  i n  more d e t a i l  i n  F i g s .  6 and 7, where t h e  pe rcen tage  

d e v i a t i o n  from t h e  c l a s s i c a l  v a l u e s  ( t h e  "quantum c o r r e c t i o n " )  i s  

p l o t t e d  v s .  . It has  been shown by de Boer and B i rd  

t h a t  i n  the  a lmost  c l a s s i c a l  l i m i t  

T *  -9/6 1 2  

( A*d 0 ), t h i s  q u a n t i t y ,  

c a l c u l a t e d  f o r  an i n v e r s e  

i s  p o s i t i v e  and p r o p o r t i o n a l  t o  

t w e l f t h  power r e p u l s i v e  p o t e n t i a l ,  

It i s  t o  be N2 T* -5/6 . 

expec ted  t h a t  f o r  t h e  p r e s e n t  c a s e ,  i . e . ,  t h e  L . - J .  (12,6) 

p o t e n t i a l ,  t h e  d e v i a t i o n  f u n c t i o n  should  approach t h i s  behavior  

i n  t h e  l i m i t  of h igh  tempera ture ,  b u t  become n e g a t i v e  a t  lower 
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rempera ture  due t o  t h e  in f luence  of t h e  a t t r a c t i v e  p a r t  of t h e  

p o t e n t i a l .  

I n  F i g s .  6 and 7 t h e  s o l i d  cu rves  r e p r e s e n t  t h e  r e s u l t s  o f  t h e  

p r e s e n t  c a l c u l a t f o n .  The s o l i d  s t r a i g h t  l i n e s  emanating from t h e  

o r i g i n  show t h e  expec ted  l i m i t i n g  behavior  f o r  t h e  2 - ’$epu l s ive  

p o t e n t i a l .  The dashed l i n e s  i n d i c a t e  p o s s i b l e  i n t e r p o l a t i o n s  

between t h e  c a l c u l a t e d  and the  l i m i t i n g  v a l u e s .  It i s  i n t e r e s t i n g  

t o  n o t e  from F i g .  7 t h a t  t h e  c ros s ing -ove r  and changing o f  s i g n  of  

t h e  quantum c o r r e c t i o n  i s  d e f i n i t e l y  e s t a b l i s h e d ,  a t  least  f o r  

t h e  numer ica l  v a l u e s  of t h e  v a r i o u s  R ( m x * ’ t n t e g r a l s  are 

( A  = o), of  
* 

p r e s e n t e d  i n  Tab les  1 - 6 .  The c l a s s i c a l  v a l u e s  
f i c w  # R C 4  3) j l l  (-J‘’* 3) # p ‘ Y z  ir 

Y Y and are t aken  from 

Ref .  1, w h i l e  t hose  f o r  and are t h e  more 

r e c e n t  v a l u e s  from Ref .  11. The p r e s e n t  r e s u l t s  ( i . e . ,  f o r  

A*= 1,2,3) a r e  b e l i e v e d  to  be a c c u r a t e  t o  w i t h i n  5 5 i n  t h e  l a s t  

d i g i t .  

It i s  of  i n t e r e s t  t o  note  t h e  r a t h e r  s i z e a b l e  magnitude of  t h e  

a s  h i g h  as 
+ 

quantum e f f e c t s  ( s ee  F i g s .  4 and 5 )  even f o r  T 

u n i t y .  It t h u s  appea r s  t h a t  t h e r e  are a number of  p h y s i c a l l y  

i n t e r e s t i n g  systems13 f o r  which quantum e f f e c t s  on t h e  t r a n s p o r t  

p r o p e r t i e s  cannot  be cons idered  mere ly  “ c o r r e c t i o n s ”  t o  t h e  

c las s i c  a 1 behavior  . 
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Fipure Captions 

Fig. 1. The influence of the quantum parameter, A* , on the 
q v  sr 

reduced cross section, 

Fig. 2.  

reduced cross section, 9 "'T 
The influence o f  the quantum parameter, A" , on the 

Fig. 3.  The effect of statistics on the reduced cross section, Ql2)  # 
# 

Fig. 4 .  The influence of the quantum parameter, A* , on the integral 
f i t 4  1 )  4 

Fig. 5 .  

in t e gr a 1 

Fig. 6 .  The quantum correction to in the high temperature 

The influence of the quantum parameter, A* , on the 
f l ( 4 2 )  4 

region. 

Fig. 7 .  The quantum correction t o  in the high temperature 

region. 
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1.1679 
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1.0753 

0.95003 

0.88453 
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0.81287 

0.78976 

0.77111 

TABLE I 

VALUES OF 

1 

2.8560 

2.4030 

2.0888 

1.8647 

1.6993 

1.5736 

1.4753 

1.3967 

1.2796 

1 .1967  

1.1351 

1.0875 

1.0496 

0.9349 

0.8746 

0.8356 

0.8073 

0.7854 

0.7675 

2 

2.1970 

1.8158 

1.5954 

1.4529 

1.3534 

1.2800 

1.2235 

1.1786 

1.1115 

1.0632 

1.0265 

0.9974 

0.9735 

0.8962 

0.8511 

0.8198 

0.7960 

0.7768 

0.7608 

3 

1.1833 

1.1346 

1.0989 

1.0711 

1.0484 

1.0294 

1.0131 

0.9988 

0.9747 

0.9548 

0.9380 

0.9234 

0.9105 

0.8624 

0.8295 

0.8045 

0.7845 

0.7678 

0.7535 



1 3  

TABLE I (cont ' d )  

't 
9 . 0  

1 0 . 0  

11 .0  

12 .0  

1 3 . 0  

1 4 . 0  

1 5 . 0  

1 6 . 0  

1 7 . 0  

1 8 . 0  

1 9 . 0  

20.0 

21 .0  

22.0 

23 .0  

24 .0  

25.0 

26 .0  

2 7 . 0  

28.0 

0 

0 .75553  

0.74220 

0.72022 

0.70254 

0.68776 

0.67510 

0.66405 

0 .64136  

1 

0.7525 

0.7396 

0.7283 

0.7182 

0 .7091  

0.7009 

0.6933 

0.6864 

0.6799 

0.6739 

2 

0 .7471  

0 .7352  

0.7246 

0.7150 

0.7064 

0.6985 

0 . 6 9 1 3  

0.6846 

0 .6783  

0.6725 

0 .6670  

0.6618 

0.6570 

0 . 6 5 2 4  

0 .6480  

0.6438 

0.6398 

0 .6360  

0 . 6 3 2 4  

0.6289 

3 

0 .7411  

0 .7301  

0 .7202  

0.7112 

0 .7031  

0.6956 

0.6886 

0 .6822  

0 .6762  

0.6705 

0 .6652  

0.6602 

0.6555 

0 .6510  

0.6467 

0.6426 

0.6387 

0 .6350  

0 .6314  

0 .6280  
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TABLE I1 

0 . 3  

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

3.0 

4.0 

5 .0  

6.0 

7.0 

8 .0  

0 

2.256 

1.931 

1.705 

1.543 

1.423 

1.332 

1.261 

1.204 

1.119 

1.059 

1.013 

0.9780 

0.9500 

0.8640 

0.8167 

0.7847 

0.7607 

0.7420 

0.7260 

1 

2.3136 

1.9045 

1.6511 

1.4832 

1.3655 . 

1.2791 

1.2132 

1.1614 

1.0853 

1.0318 

0.9920 

0.9609 

0.9358 

0.8567 

0.8119 

0.7813 

0.7581 

0.7396 

0.7241 

2 

1.6792 

1.4425 

1.3067 

1.2185 

1.1563 

1.1099 

1.0736 

1.0443 

0.9994 

0.9661 

0.9400 

0.9187 

0.9009 

0.8401 

0.8023 

0.7749 

0.7537 

0.7362 

0.7216 

3 

1.1254 

1.0799 

1.0470 

1.0213 

1.0003 

0.9826 

0.9674 

0.9540 

0.9312 

0.9124 

0.8964 

0.8824 

0.8701 

0.8237 

0.7918 

0.7676 

0.7481 

0.7320 

0.7181 



15 

9.0 0.7127 

10.0 0.7013 

11.0 

12.0 

13.0 

14.0 

15.0 

16.0 

17.0 

18.0 

19.0 

20.0 

21.0 

22.0 

23.0 

24.0 

0.6293 

TABLE I1 (cont'd) 

1 

0.7109 

0.6994 

0.6892 

0.6800 

0.6717 

0.6641 

0.6572 

2 

0.7089 

0.6977 

0.6878 

0.6789 

0.6707 

0.6633 

0.6564 

0.6501 

0.6441 

0.6386 

0.6334 

0.6285 

0.6238 

0.6194 

0.6152 

0.6113 

3 

0.7061 

0.6954 

0.6858 

0.6771 

0.6692 

0.6620 

0.6552 

0.6490 

0.6432 

0.6377 

0.6326 

0.6277 

0.6231 

0.6188 

0.6147 

0.6107 



J .  

\ 
0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

3.0 

4.0 

5.0 

6.0 

7.0 

8.0 

0 

1.962 

1.663 

1.468 

1.336 

1.242 

1.172 

1.119 

1.076 

1.013 

0.9680 

0.9345 

0.9082 

0.8867 

0.8187 

0.7790 

0.7510 

0.7295 

0.7120 

0.6973 

TABLE 111 
0 2 )  4 

VALUES OF fl 

1 

1.9194 

1.5893 

1.3977 

1.2752 

1.1909 

1.1295 

1.0828 

1.0459 

0.9912 

0.9520 

0.9222 

0.8985 

0.8790 

0.8145 

0.7759 

0.7485 

0.7273 

0.7101 

0.6957 

2 

1.4363 

1.2699 

1.1731 

1.1092 

1.0634 

1.0285 

1.0007 

0.9779 

0.9422 

0.9150 

0.8933 

0.8752 

0.8598 

0.8056 

0.7708 

0.7452 

0.7250 

0.7084 

0.6944 

3 

1.0843 

1.0419 

1.0110 

0.9868 

0.9668 

0.9499 

0.9353 

0.9224 

0.9004 

0.8822 

0.8666 

0.8530 

0.8410 

0.7956 

0.7644 

0.7407 

0.7217 

0.7059 

0.6924 
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TABLE 111 (cont'd) 

1 2 3 

9 . 0  0.6847 

1 0 . 0  0.6735 

1 1 . 0  

1.2.0 

13.0 

1 4 . 0  

1 5 . 0  

1 6 . 0  

1 7 . 0  

1 8 . 0  

1 9 . 0  

20 .0  0 .6048 

0 .6833 0 .6822  

0.6724 0.6715 

0.6627 0 .6619 
_ _  

0.6539 0 . 6 5 3 3  

0 .6455 

0 . 6 3 8 3  

0 .6317 

0.6255 

0.6198 

0 . 6 1 4 4  

0 .6094  

0 .6046 

0.6806 

0 .6702  

0 .6608 

0 . 6 5 2 3  

0 .6446 

0 .6375 

0 .6310 

0 .6249 

0 .6192  

0 .6139  

0 .6089  

0 .6042  
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